
 

3.5 Series

Let Car eµ be a sequence in IR Consider the

sequence Sn new of the partial sums
Sn a t an

y
9k h C IN

Definition 3.7
we say the series Eyak is convergent

if kings Sn fines Eyak Eyak exists
Example 3.7

i For 19.1 1 we have

oq
the geometric series is convergent

Proof
Let 0cg c l Then for each ne IN

Sn It 9 t 9h gk tff
Proof by induction
a n O Y 4 1



b n ntl i

Assume the claim holds for u Then

Suti Sn t of I g htt
Tq

t of
4 1

I 9 I g of 1 9219 I 9

According to Example 3 Iii finest 0

Thus
fiz.sn 9

I

ID The harmonic series of Example 3 4

is divergent
Iii The series

n
is convergent

Proof
we have to show that the sequence G nay
with su Is has a limit

we simplify µ

su E.ie E tt
I f E f tf's f ft
I



and so Ling Su fines l I

a

convergence criteria
Ynet au uen be a sequence in IR with

Su an he 1N

Then Prop 3.4 and 3.5 give
Proposition 3.9 Cauchy criterion

The series 9k is convergent if and
only if

I e9k o fuze as

Proof
Tsu Sel I f 9k Use propositions

3 4 and 3 5
A

Remark 3.3

i In particular the condition q o fk os

is necessary for convergence of



k
9 choose me in Prop 3 9

Ii The condition ar o Keos is not
sufficient for convergence e.g harmonic
series

Proposition 3 10 Quotient criterion

Let an O KEN
i If

live.SI aI c l

then Izak is convergent

ii If
eiminflakat.tl

then ar is divergent

Proof
i set go live.su a'aYeI E7sEEE 9a 4
Choose ofC IR s t fo c of L l Then I no cIN
with V ns.no f.EE aak E9 and



in particular for a no also

H Kano 19k 119
Then lark 19 GEE affiant

9 land 9
K

EE

I EearI e Ee lait ee Ee9 e ca't
indeed E.ee 9 E Ift 9 Hq Eff

of
I ear I c Cge o free a

Prop 3.9 2,9 is convergent

ii analogous El

Example 3.8
i The series E II converges
Proofi
set an and we have for me 3

Iaaf I cztt.IE I CHIT



E Ifl t f
2

4 Goal

Prop 3.10 the quotient criterion is
satisfied

I

ii For an In we obtain the converging

p f Ian Euh
we have

19 1 It al t ns.t

However there is ne goal with
KII EG t n zu

We are not allowed to use the

quotient criterion
Use different reasoning for the proof
According to Example 3.7 iii IE
converges 42 also converges
since V na I i tha E Zag we thus have

Su
y

E 2 EEHea L

su is monotonically increasing and bounded
Prop 3.8 convergent a



4 Continuity

4.1 Limits of Functions
so far we can compute limits of expressions
like yk 9kbk

die
with an a bi b Ge c die d CK a

More generally we can determine for a
function f D IR on D c R the

convergence of the sequence yk fCxk
where Xie Ken with Xo Ck as

The limit x of the sequence cxr.lk doesn't

have to be inside D

Example4li
Let f G xx 1 The function f has
a singularity at x 1 Then

Xt l Gti x 1 ft xtl for 1

Therefore for a sequence txt x i I

for K as we obtain fcxiel xr.tl 2

K as



Definition 4 I

For a set D CIR we define its closure D

as the set of all points in D as well as

all limit points of D limits of sequences
in D

Let f D R x c D

Definition 4.2

f has a limit a e R at x if for each
sequence Xk Ken in D with Xk x K as

we have fCxk a Ck as

Notation fix fly a

Example 4.2

For the function f in Example 4 I

we have lying f G 2

Remark 4 1

If fins fled a exists and if further x ED
then a fGo consider the constant sequence
Xk Xo E D K C IN



Definition 4.3

Let D CR f D R

i f is called continuous at x ED if
fine fG a exists given by a fix
ii x is called a removable singularity

if x E D ID and ftp.fkd ia exists

In this case the completion of the function
f by ft a is continuous at x

Examplet
i Let fkn I As shown in

Example 4 I we can complete the

function f at x l through fat L in

a continuous way
ii Let D 1121103 f o Then

we have for Xk x to according to

Prop 3.3 fer Ck as

At xo o the function f does not have a limit
Consider for example xk OCK es



with fka k as CK as

Iii Let f G sin Ix Then we have

f i sin 5 0 f t sin 25 0

f f a sin 35 0 f 4 sin 4 it 0

similarly flo 01 fco 001 flo ooo 1 0

But fineo sin f I does not exist

anoina

Iv The piecewise constant function

f Rl Io R with

fCx
9 x co

b x 0

is continuous at every x to But for at b

there exists no continuous completion at x a



84.2 Continuity criteria

Proposition 4.1

Let f D IR X E D Then the following
are equivalent
i sequence criterion f is continuous at

xo according to Definition 4.3
ii Weierstrass E S criterion i

f e O F S O V x e D
Ix x Is s If flames

Iii For each interval VCR with ffa eV
we have that a f V is an interval
in D containing x

Proof
i ii
Let Cxulneric D be a sequence with ftp.xu xo

and fig fan fCx
Assume ii does not hold Then there exists

30 s t there is no S 0 with

Ifk f Ice H x e D with Ix x KS
T x e D with Ix x1 8 but lfcxl fG.lt ZE



Thus for every natural number n 21 there

exists x ED with

1in x IL Ih and Ifk false C

alias Xu x
tin

fW fc
But this is in contradiction to 1 7

ii i Assume ii holds Then we have

to show that for every sequence Gn u with
Xu C D and Eng Xu Xo we have

fGy fCxo
Yet c o and let 8 0 be given according
to ii As lining Xn Xo there exists no CIN

with kn x IL S t nano

IfGul fkolk E t n no fi gfW fGo
TI

picture
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a d ate

a a

Y a e Y a e

x o I Yes



Example 4.4
i The function

ftp 4 if I

1 if x I

is not continuous at x I
il

2 HE

HA.HN xq
If't T x

l g HS l E

ii Let D IR Xa R R be the

characteristic function of IQ with

fG is X ti x C Q

O X f Q

Then fled is discontinuous everywhere on Q

as f Ct ZI Q and Q is not an interval

containing Xo


